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In some introductory physics textbooks, authors point outvith the particular solutiorm=V,t%/2L, and since
that there is missing ener?y in the charging process of the
capacitor circuit in Fig. (8).” In some other textbooks, they
present a problem in which a portion of the electric charge is f
transferred from a fully charged capacitor to an empty one,
as shown in Fig. (b).? In either case, half the energy of the the energy supplied by the battery is equal to the magnetic
circuit is missing in the final state after the switch S isenergy stored i at timet.
thrown. The usual way to circumvent this difficulty is to  In each of these two cases the equation is differential and
introduce a small amount of resistance in the connectinghe chargey is a monotonically increasing, continuous func-
wires to explain that the missing energy is dissipated as Jouléon of timet. That is, the charge delivery from the battery is
heating. While this argument appears correct, it leaves ugradual. For the capacitor circuit, on the other hand, the
feeling unsettled. We wonder why is it that the energy isequation is not differential and the chargg=CV,, stored
missing in the circuits in Fig. (® or (b). We also ask why in the capacitor, rises abruptly, as a step function at time
the introduction of resistance accounts for the missing en=0. While the energy supplied by the batterycjsV,, the
ergy. Is this the only way to resolve the difficulty? We will energy stored in the capacitordgV,/2. These facts suggest
explore these questions in this note and present the genefiglat the missing energy may stem from the instantaneous
condltlon under .Wh'ICh energy transfer to a capacitor is COMzharging of the capacitor. Mechanically, Figalis equiva-
plete, without missing energy. S lent to an idealized spring of spring const&nwithout mass

To be sure, implicit in Fig. () and (b) are idealizations  q friction. When a constant forde, is suddenly applied to
and approximations of actual physical circuits so that Weyis spring and it is either compressed or stretched by a dis-
fanced, the same situation results. That is, the work done by
the force isFyd, while the energy stored in the spring is
%/2= Fod/2. In either case, the missing energy is due to
o much idealization of the real system, resulting in an in-

Stantaneous process.

Mathematically, the instantaneous charging process in Fig.

1(a) may be expressed as

t 1
voth=§|_q2=qvo, (4)
0

example, in Fig. (a), the connecting wires are without resis-
tance, and we ignore a small amount of radiation due t
accelerated chargésAs for the capacitor itself, a real ca-
pacitor has resonances and losses with corresponding eff
tive inductance and resistant#.one includes these factors,
one would not encounter the difficulty of missing energy.
But in physics courses, we often deal with idealized circuits,

and thus our focus here is to investigate the peculiarity of the  q=cv, (1), (5)
idealized capacitor circuits with regard to energy conserva-
tion. where 6(t) is the Heaviside step-function defined by

First we examine two other idealized, elementary circuits
which do not exhibit the difficulty of missing energy. In Fig. G(t)z[ 1, t>0 (6)
2(a) and(b) are shown simple resistance and inductance cir- 0, t<0.
cuits, respectively. By comparing these two circuits with the , .
capacitor circuit, we may find a clue as to why the capacitorThen the energy supplied by the battery is
circuit has the aforementioned peculiarity. o

For the resistance circuit, there exists a simple differential EB=f

equation
Rdgdt=V,, (1)  Whered(t) is the Diracs function, and because of the nature
_ ) _ ~of the functions involved, we extend the integration range to
whereq(t) is the electric charge passing through the resisto{—c, «). Here we encounter a difficulty. In order for the
R from time t=0 to some arbitrary time, and V, is the  integral to exist,#(t) must be continuous at=0.° But since
voltage of the battery. When the switch S is throwntat this is not the case, the integral does not exist. This indicates

Vob(t)g dt:cvgfw 6(t)8(t)dt, 7)

=0, we haveq=V,t/R, and since that the introduction of thé function to analyze this particu-
. . lar singular phenomenon is not useful because of the discon-
f VS dt:f R dt=qV,, (2)  tinuity of the step function. A pathology caused by an ide-
0 0 alization is not cured by mathematics in this case.

As is well known, the missing energy can be accounted for
y introducing a small amount of resistanRg, associated
with the connecting wires in the elementary capacitor circuit
shown in Fig. 1a).” Then the equation for the chargebe-
Ld%q/dt?=V,, (3)  comes

the energy supplied by the battery is equal to the Joule dis[—)
sipation inR. For the inductor circuit, the differential equa-
tion becomes
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Fig. 1. Capacitor circuits with missing energy. Fig. 2. Energy conserving elementary circuits.

Rwd+q/C=V,, (8)  In order for this to take place, the capacitive time constant
RC should be small compared to the time interval of each

which is now a Q|ﬁerent|al ‘?q“""?"’”- Consquently, thesubste|<10/N, wheret, is the total time taken for the charg-
chargeq(t) stored in the capacitor rises over a finite amount;

of time, though it may be a small time interval depending on. '3 P 0¢€SS- This means that in the limitlds-c2, the volt-
' 9 y P 9 age across the capacitor is written as
the parameteRy, .
However, this is not the only way to account for the miss-  V=Vt/ty, O0=<t<ty, (13

ing energy. We now introduce a small amount of inductance . :
L of the closed circuit and ignorR,,. ReplacingRyq in andR—0. Then the energy provided by the power supply is

i ' t
Eq. (8) with L<g, we have Eps=f qudt= ECVZ, (14)
Lcg+g/C=V,. 9) 0 2
The particular solution of Eq(9) satisfyingg=q=0 att which is equal to the energy stored in the capacitor. Note that
=0 is given by the discontinuities of the step functions are eliminated in the
limit as N—oo.
q=CVq(1-coswt), w=1LcC. (10) We now generalize this point. In the capacitor circuit in

The timet, for which the charge stored in the capacitor Fig. 1(a), let us replace the battery with a power supply
assumes the valug, for the first time i$ which provides the voltage of

to=cos 1(1—qe/CVy)/ w. (12) V=Vof(1), (15
At this time the electric current is given byqg,, and the wheref(t) is any monotonically increasing, continuous func-
magnetic energy stored in the inductor is tion of time with the properties

EL=Lcid/2=qoV,/2, (12) f(0)=0, f(ty)=1, (16)
which is equal to the missing energy. for the time interval Gst<ty,. The parametet, may be

In each of the two examples cited above, the V0|tagéinite or infinite. Then at timd,, the energy stored in the
across the capacitor changes from the step function to a cogapacitor isCVS/Z and the energy provided by the power
tinuous function of time whemR,y or L is introduced, and supply is
the charging of the capacitor does not take place instantly. t t 1 1
The same is true when botR,, and L. are used. As the EPS:I qutzcvgj f(t)f(t)dtzcvgf fdf==CV?,
circuit is viewed in a more realistic manner, the difficulty of 0 0 0 2
missing energy disappears. (17
Though the following is another idealization, one canyere it is assumed thai(t) is differentiable on[0o].
e o of 1 capaclor CIeul 1 F1: When the unclionf () contains  ciscontniy ofOL
without the missing energy. This time we replace the batter)fEh%' E)lo?vg:)slgggli/ r tgotlr?: \clgggcailt% ? fgigtngg%/p?eigvery from
with a special kind of power supply. Heinrftishowed that Coming back to Eq(7), if we now employ a mathematical

in the RC circ.uit,. when\(o Is diVided intoN equal substeps, “fudging” and use the expression of the step funcion
the energy dissipation in the resistor becomes smaller com-

pared to the one-step charging process, and, in the limit as  g(t)= lim %(1+tanhnt), (18
N— o, the energy dissipation in the resistor tends to vanish. n—a
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without taking the limit, then, for large, finite, the step 2For example, see D. Halliday, R. Resnick, and J. Walkendamentals of
function becomes a continuous function with the value 1/2 at Physics(Wiley, New York, 1997, 5th ed., p. 649; C. Zucker, “Condenser
time t=0, andEg=CV2/2. This observation, however, is a Problem.” Am. J. Phys23, 469 (1955,

ure mathematical curiosity and it mav not resolve the issue For a detailed account of radiation from an accelerated charge, see, for
P Yy y example, R. Ehrlich, J. Tuszynski, L. Roelofs, and R. StoRéctricity

at hand. . . and Magnetism Simulation®Viley, New York, 1993, pp. 137-149.
To state our conclusion in a general manner, so Iong as th@For an excellent discussion of real circuit elements, see R. P. Feynman, R.

voltage across a capacitor is a continuous and differentiableg | eighton, and M. Sandghe Feynman Lectures on Physiégidison—
function of time, the energy delivery to the capacitor is com- esley, Reading, MA, 1984Vol. I, Chap. 23.
plete without the missing energy. The idealized circuits in 5G. Arfken, Mathematical Methods for Physicistécademic, Orlando,

Fig. 1(a) and(b) happen to be exceptions. 1985, p. 481.
5We will examine the circuit in Fig. (&) only. The extension of our analy-
ACKNOWLEDGMENTS sis to the circuit in Fig. (b) is straightforward.

"To avoid the complications due to the oscillatory nature of this circuit, we
We thank C. Adler and T. Darkhosh for enlightening con- may restrict time to the intervalt</w.
versations. 8F. Heinrich, “Entropy change when charging a capacitor: A demonstration
experiment,” Am. J. Physb4, 742—-744(1986); |. Fundaun, C. Reese, and
IFor example, see A. Hudson and R. Nelsodnijversity Physic§Saunders, H. H. Soonpaa, “Charging a capacitoriBid. 60, 1047-10481992.
Philadelphia, 1990 p. 675. 9See Ref. 5, p. 490.

An unusual feature of charge densities for two-particle bound states
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Two oppositely charged particles moving nonrelativistically in a two-particle Coulomb bound state
produce a charge distribution that is equivalent to that of two single-particle bound states of opposite
charge moving in separate external potentials. With examples, we show that this is unlikely to be
true if the binding force is not pure Coulombic. @99 American Association of Physics Teachers.

The main focus of the two-body bound state problem in -my
nonrelativistic quantum mechanics is the calculation of the =—m " (1b)
energy levels and their associated eigenstates. In this paper
we develop an expression for the effective charge distribu-
tion of two charged particles bound in such a state by an’
arbitrary two-body potential. That we obtain a sum of two
distributions each related to the absolute value squared of the
bound state wave function is not surprising. What is rather
unusual is that the mass factors that accompany this totafl
distribution have the effect, for Coulomb bound states, of
replacing the reduced mass in the bound state wave function
with the constituent mass for each distribution in the sum?(R)=(#lp(r1.r2)[#)
Thus one can picture the charge distribution as equivalent to
that produced by a particle of masg and charge,; , bound = f (dn)|g(r) |2 (e 8(R—r1) +€,8(R—r3))
to a fixed center with chargee, plus that produced by a

hereM=m;+m,. The charge density operator is defined

p(ry,rp)=e;8(R—ry)+e,0(R—ry). (2

he charge densitg(R) at P, is the expectation valte

particle of massm, and charges, bound to afixed center . 2 my my
with chargee, . The fixed center in both cases is the center _j (dn)fy(n)| (915( REw ) +ed| R Vr))
of mass. The picture is thus that of two noninteracting 3
charged particles moving independently in separate external :f (dr)|c,//(r)|2<e 5<r— MR) M)
potentials. This picture does not hold in general for poten- ! m, m,
tials that are not pure Coulombic. 3

Let P be a field point located at a positiéhrelative to the te, 8l r+ M R) (M) )
center of mass chosen as the origin of our coordinate system. 2 m; m;
The coordinates, andr, are the locations of the particles M 2/ M\ 3 M 2/ M \3
relative to the c.m. and is their relative coordinate. =g, ¢(_R) (_ +e, ¢( — —R) (_) )

Thus m; m; m, my

_m Fore;=Ze ande,=—e andV(r)=—Z¢&?/r the station-
=" a .
y states are
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If the potential deviates from Coulombic then there are

1 :
Ynim(N) =Rn(1) Yim( 6, 6)= —5 bnim(r/a0), (4)  other mass-dependent factors than the Bohr radius. For ex-
2 ample, if
where -7 B
V(r)= + 2 8

3 1\ 1/2
R I’)_— E u -1/2p ||_2|+1 ) )
ni(r)= nag/ 2n[(n+I1)173 e Fpla(p then the spectrum and wave function are related to the Cou-
' (5) lombic one by analytic continuation of the angular momen-

tum,
and 10+ 1) =11+ 1)+ 2uB= (A +1), 9)
aozﬁ_zz, pZEr, N=\(1,p) = — 12+ (1 + 112 %+ 2 B. (10)
pe o That is
with uw=m;m, /M. The total charge density will, of course, aim(N)=Rox (1, (NYim( 60, ). (12)

always be the sum of two single-particle bound state charge ) )

densities. However, what makes the situation presented byh€ mass factor ifB) cannot produce changes in the reduced
the two-body Coulomb bound state unique is the dependendBass factor in(9) to the individual constituent masses as
of the wave function on the mass factors(8). As a conse- 0ccurs in(6) unless it just happens to be inversely propor-
quence, the total charge density becomes equivalent to thenal to the reduced mass. Assuming that is not the case, for
of the direct sum of two charged single-particle states, eaci!e potentiak8) the total charge density is not equivalent to

bound to arinfinitely heavycenter of force at the c.m. That is tr;]e direct sum of two single-particle bound states of opposite
charge.
2 4 2) Note that it might be argued that in reality, such correc-

3
a;

R
a

R

(6)  tions to the Coulomb potential generally arise from relativ-
a

istic effects. In that cas@ may be, to lowest approximation,
inversely proportional to the reduced mass so thaecomes
in which independent of«. However, this would take us beyond the
scope of this work into considerations of the relativistic two-
m, h? body problent. The final example we give has no such am-
a = 8= (78 piguities.

m; € Consider the case in which the potential energy includes a
portion which can be approximated by the simple harmonic
oscillator potential. Suppose further that its effects dominate

9 the Coulomb potential in computing the bound state wave
azzﬂaozh_ (7b) function so that to a good approximation the bound state
M m,e? wave function is that for the harmonic oscillator potential
alone. ForV = 1kr? that wave function is
are the only mass-dependent factors in the wave functions. In

p(R)=e Pnim

nim

z
H

and

the ground state, for example, Gnim= Rni(N)Yim(r), (12
esz/al e72R/a2 where
p(R)=e|l Z— 5 k| ¥ 1
ma a2 Rn(r)= Iu_z \/fplepzlzr( I+ E

Note that in the static limitn;—oo the first distribution

reduces to a delta functiofiRef. 2 gives the charge density F(N+I1+1) 112 5

for an electron bound to a fixed nucleus with charge For X LN—1) Lian-n(p9) (13
finite m;, saym,, we havea,;~27fm. This is significantly 2

larger than the proton’s “free” size of about 1 F. However, and

this size would be hard to detect &y scattering because 2

charged probes energetic enough to have such a small wave- V2uk

length would ionize the atom, thus effectively reducing the 3 r. (14

“size” of the proton to its free size. We point out that the )

effective size of this charge distribution does not, of coursehe mass dependence (b3) and (14) is not of the correct
affect the electron’s binding energy, unlike a real size. Ondype that lets the mass factors(B) replace the reduced mass
could say that there is a correlation to the motional effectgvith the constituent particle masseg andm,, as occurs in
responsible for the reduced mass dependence of the bindiriggs. (3)—(6). Although it is evident that ik= ww? with » a
energy, in that as the size decreases the reduced mass depfexed constant then this property displayed by the Coulomb
dence collapses toward the electron’s mass. But this is only potential alone persists, this will not occur in general in na-
consequence of the fact that both of these aspects result frotare becausd is determined by the behavior of a realistic
the inner workings of the Schdinger equation for an elec- potential near equilibrium, which has no such special mass
tron in the field of a point charge nucleus. dependence. In general, the appearance of parameters in the
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potentials that are not dimensionlégsnatural unityand do ~ 'For stationary states the two-particle wave ~functiofi(ry,r5)

not depend on the reduced mass would also not be of the=exp” Roy(r) in which R, is the c.m. position an® is the total momen-

correct type. tum of the system. The c.m. portion of the wave function will not contrib-
This feature of the two-body bound state charge density,!® © the expectation value.

. . A. Messiah, Quantum MechanicgNorth-Holland, Amsterdam, 19
for the Coulomb potential adds to other unique quantum fea-,, ", . 815? < 53

tures of this potential such as producing cross sections thaty . crater and P. van Alstine, “Quantum constraint dynamics for two

agree with the C|aS_Sica| I’e_SU|t and displaying <_1Iynamical SYM- spinless particles under vector interaction,” Phys. Re\B(D2585-2594
metries that result in “accidental” degeneracies. (1984.

LIMITED BANDWIDTH

Young scientists who have difficulty in finding acceptance for their work are likely to blame
such troubles on their exclusion from “the establishment.” But in fact, the effective establish-
ments for such purposes are very narrow. Even a famous scientist who presents a case before the
wrong audience can be ignored. In 1917, when he was already a noted scientist and retifing as
president of the German Physical Society, Albert Einstein presented a paper pointing to the
difficulty caused by chaos in Sommerfeld—Wilson quantization. That paper remained obscuyre for
decades. My own PhD thesis was related to this subject, yet | was unaware of Einstein’s |work.
Even when | saw a reference to it some years later, | did not bother to examine it. All of us|have
limited bandwidth for information intake; there are no simple villains when new concepts are
ignored.

Rolf Landauer, “Fashions in Science and Technology,” Phys. Tdalayl2), 61-62(1997).
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