
NOTES AND DISCUSSIONS

Ideal capacitor circuits and energy conservation
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In some introductory physics textbooks, authors point
that there is missing energy in the charging process of
capacitor circuit in Fig. 1~a!.1 In some other textbooks, the
present a problem in which a portion of the electric charg
transferred from a fully charged capacitor to an empty o
as shown in Fig. 1~b!.2 In either case, half the energy of th
circuit is missing in the final state after the switch S
thrown. The usual way to circumvent this difficulty is t
introduce a small amount of resistance in the connec
wires to explain that the missing energy is dissipated as J
heating. While this argument appears correct, it leaves
feeling unsettled. We wonder why is it that the energy
missing in the circuits in Fig. 1~a! or ~b!. We also ask why
the introduction of resistance accounts for the missing
ergy. Is this the only way to resolve the difficulty? We w
explore these questions in this note and present the ge
condition under which energy transfer to a capacitor is co
plete, without missing energy.

To be sure, implicit in Fig. 1~a! and ~b! are idealizations
and approximations of actual physical circuits so that
may describe the situations with simple mathematics.
example, in Fig. 1~a!, the connecting wires are without resi
tance, and we ignore a small amount of radiation due
accelerated charges.3 As for the capacitor itself, a real ca
pacitor has resonances and losses with corresponding e
tive inductance and resistance.4 If one includes these factors
one would not encounter the difficulty of missing energ
But in physics courses, we often deal with idealized circu
and thus our focus here is to investigate the peculiarity of
idealized capacitor circuits with regard to energy conser
tion.

First we examine two other idealized, elementary circu
which do not exhibit the difficulty of missing energy. In Fig
2~a! and~b! are shown simple resistance and inductance
cuits, respectively. By comparing these two circuits with t
capacitor circuit, we may find a clue as to why the capac
circuit has the aforementioned peculiarity.

For the resistance circuit, there exists a simple differen
equation

Rdq/dt5V0 , ~1!

whereq(t) is the electric charge passing through the resis
R from time t50 to some arbitrary timet, and V0 is the
voltage of the battery. When the switch S is thrown at
50, we haveq5V0t/R, and since

E
0

t

V0q̇ dt5E
0

t

Rq̇2 dt5qV0 , ~2!

the energy supplied by the battery is equal to the Joule
sipation inR. For the inductor circuit, the differential equa
tion becomes

Ld2q/dt25V0 , ~3!
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with the particular solutionq5V0t2/2L, and since

E
0

t

V0q̇ dt5
1

2
Lq̇25qV0 , ~4!

the energy supplied by the battery is equal to the magn
energy stored inL at time t.

In each of these two cases the equation is differential
the chargeq is a monotonically increasing, continuous fun
tion of time t. That is, the charge delivery from the battery
gradual. For the capacitor circuit, on the other hand,
equation is not differential and the charge,q05CV0 , stored
in the capacitor, rises abruptly, as a step function at timt
50. While the energy supplied by the battery isq0V0 , the
energy stored in the capacitor isq0V0/2. These facts sugges
that the missing energy may stem from the instantane
charging of the capacitor. Mechanically, Fig. 1~a! is equiva-
lent to an idealized spring of spring constantk without mass
or friction. When a constant forceF0 is suddenly applied to
this spring and it is either compressed or stretched by a
tanced, the same situation results. That is, the work done
the force isF0d, while the energy stored in the spring
kd2/25F0d/2. In either case, the missing energy is due
too much idealization of the real system, resulting in an
stantaneous process.

Mathematically, the instantaneous charging process in
1~a! may be expressed as

q5CV0u~ t !, ~5!

whereu(t) is the Heaviside step-function defined by

u~ t !5 H 1, t.0
0, t,0. ~6!

Then the energy supplied by the battery is

EB5E
2`

`

V0u~ t !q̇ dt5CV0
2E

2`

`

u~ t !d~ t !dt, ~7!

whered(t) is the Diracd function, and because of the natu
of the functions involved, we extend the integration range
~2`, `!. Here we encounter a difficulty. In order for th
integral to exist,u(t) must be continuous att50.5 But since
this is not the case, the integral does not exist. This indica
that the introduction of thed function to analyze this particu
lar singular phenomenon is not useful because of the disc
tinuity of the step function. A pathology caused by an id
alization is not cured by mathematics in this case.

As is well known, the missing energy can be accounted
by introducing a small amount of resistanceRW associated
with the connecting wires in the elementary capacitor circ
shown in Fig. 1~a!.6 Then the equation for the chargeq be-
comes
737© 1999 American Association of Physics Teachers



he
n
o

s
c

or

g
co

tl

of

an
.
c
er

,
om
it
ish

ant
ch
-

is

that
the

in
ly

c-

er

m

l

RWq̇1q/C5V0 , ~8!

which is now a differential equation. Consequently, t
chargeq(t) stored in the capacitor rises over a finite amou
of time, though it may be a small time interval depending
the parameterRW .

However, this is not the only way to account for the mis
ing energy. We now introduce a small amount of inductan
LC of the closed circuit and ignoreRW . ReplacingRWq̇ in
Eq. ~8! with LCq̈, we have

LCq̈1q/C5V0 . ~9!

The particular solution of Eq.~9! satisfying q5q̇50 at t
50 is given by

q5CV0~12cosvt !, v51/ALCC. ~10!

The time t0 for which the charge stored in the capacit
assumes the valueq0 for the first time is7

t05cos21~12q0 /CV0!/v. ~11!

At this time the electric current is given byvq0 , and the
magnetic energy stored in the inductor is

EL5LCi 0
2/25q0V0/2, ~12!

which is equal to the missing energy.
In each of the two examples cited above, the volta

across the capacitor changes from the step function to a
tinuous function of time whenRW or LC is introduced, and
the charging of the capacitor does not take place instan
The same is true when bothRW and LC are used. As the
circuit is viewed in a more realistic manner, the difficulty
missing energy disappears.

Though the following is another idealization, one c
think of still more variations of the capacitor circuit in Fig
1~a!, in which energy delivery to the capacitor takes pla
without the missing energy. This time we replace the batt
with a special kind of power supply. Heinrich8 showed that
in the RC circuit, whenV0 is divided intoN equal substeps
the energy dissipation in the resistor becomes smaller c
pared to the one-step charging process, and, in the lim
N→`, the energy dissipation in the resistor tends to van

Fig. 1. Capacitor circuits with missing energy.
738 Am. J. Phys., Vol. 67, No. 8, August 1999
t
n

-
e

e
n-

y.

e
y

-
as
.

In order for this to take place, the capacitive time const
RC should be small compared to the time interval of ea
substept0 /N, wheret0 is the total time taken for the charg
ing process. This means that in the limit asN→`, the volt-
age across the capacitor is written as

V5V0t/t0 , 0<t<t0 , ~13!

andR→0. Then the energy provided by the power supply

EPS5E
0

t0
Vq̇ dt5

1

2
CV0

2, ~14!

which is equal to the energy stored in the capacitor. Note
the discontinuities of the step functions are eliminated in
limit as N→`.

We now generalize this point. In the capacitor circuit
Fig. 1~a!, let us replace the battery with a power supp
which provides the voltage of

V5V0f ~ t !, ~15!

wheref (t) is any monotonically increasing, continuous fun
tion of time with the properties

f ~0!50, f ~ t0!51, ~16!

for the time interval 0<t<t0 . The parametert0 may be
finite or infinite. Then at timet0 , the energy stored in the
capacitor isCV0

2/2 and the energy provided by the pow
supply is

EPS5E
0

t0
Vq̇ dt5CV0

2E
0

t0
f ~ t ! ḟ ~ t !dt5CV0

2E
0

1

f d f5
1

2
CV0

2,

~17!

where it is assumed thatf (t) is differentiable on@0,t0#.
When the functionf (t) contains a discontinuity on@0,t0#,
Eq. ~17! no longer holds valid and the energy delivery fro
the power supply to the capacitor is not complete.

Coming back to Eq.~7!, if we now employ a mathematica
‘‘fudging’’ and use the expression of the step function9

u~ t !5 lim
n→`

1
2~11tanhnt!, ~18!

Fig. 2. Energy conserving elementary circuits.
738Notes and Discussions
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without taking the limit, then, for large, finiten, the step
function becomes a continuous function with the value 1/2
time t50, andEB5CV0

2/2. This observation, however, is
pure mathematical curiosity and it may not resolve the is
at hand.

To state our conclusion in a general manner, so long as
voltage across a capacitor is a continuous and differenti
function of time, the energy delivery to the capacitor is co
plete without the missing energy. The idealized circuits
Fig. 1~a! and ~b! happen to be exceptions.
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6We will examine the circuit in Fig. 1~a! only. The extension of our analy
sis to the circuit in Fig. 1~b! is straightforward.
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8F. Heinrich, ‘‘Entropy change when charging a capacitor: A demonstra
experiment,’’ Am. J. Phys.54, 742–744~1986!; I. Fundaun, C. Reese, an
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The main focus of the two-body bound state problem
nonrelativistic quantum mechanics is the calculation of
energy levels and their associated eigenstates. In this p
we develop an expression for the effective charge distri
tion of two charged particles bound in such a state by
arbitrary two-body potential. That we obtain a sum of tw
distributions each related to the absolute value squared o
bound state wave function is not surprising. What is rat
unusual is that the mass factors that accompany this
distribution have the effect, for Coulomb bound states,
replacing the reduced mass in the bound state wave func
with the constituent mass for each distribution in the su
Thus one can picture the charge distribution as equivalen
that produced by a particle of massm1 and chargee1 , bound
to a fixed center with chargee2 plus that produced by a
particle of massm2 and chargee2 bound to afixed center
with chargee1 . The fixed center in both cases is the cen
of mass. The picture is thus that of two noninteracti
charged particles moving independently in separate exte
potentials. This picture does not hold in general for pot
tials that are not pure Coulombic.

Let P be a field point located at a positionR relative to the
center of mass chosen as the origin of our coordinate sys
The coordinatesr1 and r2 are the locations of the particle
relative to the c.m. andr is their relative coordinate.

Thus

r15
m2

M
r , ~1a!
e
per
-
n

he
r

tal
f
on
.
to

r

al
-

m.

r25
2m1

M
r , ~1b!

whereM5m11m2 . The charge density operator is define
as

r~r1 ,r2!5e1d~R2r1!1e2d~R2r2!. ~2!

The charge densityr(R) at P, is the expectation value1

r~R!5^cur~r1 ,r2!uc&

5E ~dr !uc~r !u2~e1d~R2r1!1e2d~R2r2!!

5E ~dr !uc~r !u2S e1dS R2
m2

M
r D1e2dS R1

m1

M
r D D

5E ~dr !uc~r !u2S e1dS r2
M

m2
RD S M

m2
D 3

1e2dS r1
M

m1
RD S M

m1
D 3D

5e1UcS M

m2
RD U2S M

m2
D 3

1e2UcS 2
M

m1
RD U2S M

m1
D 3

. ~3!

For e15Ze and e252e and V(r )52Ze2/r the station-
ary states are
An unusual feature of charge densities for two-particle bound states
Horace W. Crater
The University of Tennessee Space Institute, Tullahoma, Tennessee 37388

~Received 2 October 1998; accepted 17 November 1998!

Two oppositely charged particles moving nonrelativistically in a two-particle Coulomb bound state
produce a charge distribution that is equivalent to that of two single-particle bound states of opposite
charge moving in separate external potentials. With examples, we show that this is unlikely to be
true if the binding force is not pure Coulombic. ©1999 American Association of Physics Teachers.
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cnlm~r !5Rnl~r !Ylm~u,f![
1

a0
3/2

fnlm~r /a0!, ~4!

where

Rnl~r !52H S 2Z

na0
D 3 ~n2 l 21!!

2n@~n1 l !! #3J 1/2

e21/2rr lLn1 l
2l 11~r!

~5!

and

a05
\2

me2
, r5

2Z

na0
r ,

with m5m1m2 /M . The total charge density will, of course
always be the sum of two single-particle bound state cha
densities. However, what makes the situation presented
the two-body Coulomb bound state unique is the depende
of the wave function on the mass factors in~3!. As a conse-
quence, the total charge density becomes equivalent to
of the direct sum of two charged single-particle states, e
bound to aninfinitely heavycenter of force at the c.m. That i

r~R!5eS Z

a1
3 UfnlmS R

a1
D U2

2
1

a2
3 UfnlmS R

a2
D U2D ~6!

in which

a15
m2

M
a05

\2

m1e2
~7a!

and

a25
m1

M
a05

\2

m2e2
~7b!

are the only mass-dependent factors in the wave function
the ground state, for example,

r~R!5eS Z
e22R/a1

pa1
3

2
e22R/a2

pa2
3 D .

Note that in the static limitm1→` the first distribution
reduces to a delta function~Ref. 2 gives the charge densit
for an electron bound to a fixed nucleus with chargeZe!. For
finite m1 , saymp , we havea1;27f m. This is significantly
larger than the proton’s ‘‘free’’ size of about 1 F. Howeve
this size would be hard to detect bye2 scattering becaus
charged probes energetic enough to have such a small w
length would ionize the atom, thus effectively reducing t
‘‘size’’ of the proton to its free size. We point out that th
effective size of this charge distribution does not, of cour
affect the electron’s binding energy, unlike a real size. O
could say that there is a correlation to the motional effe
responsible for the reduced mass dependence of the bin
energy, in that as the size decreases the reduced mass d
dence collapses toward the electron’s mass. But this is on
consequence of the fact that both of these aspects result
the inner workings of the Schro¨dinger equation for an elec
tron in the field of a point charge nucleus.
740 Am. J. Phys., Vol. 67, No. 8, August 1999
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If the potential deviates from Coulombic then there a
other mass-dependent factors than the Bohr radius. For
ample, if

V~r !5
2Ze2

r
1

b

r 2
, ~8!

then the spectrum and wave function are related to the C
lombic one by analytic continuation of the angular mome
tum,

l ~ l 11!→ l ~ l 11!12mb[l~l11!, ~9!

l5l~ l ,m!521/21A~ l 11/2!212mb. ~10!

That is

cnlm~r !5Rnl~ l ,m!~r !Ylm~u,f!. ~11!

The mass factor in~3! cannot produce changes in the reduc
mass factor in~9! to the individual constituent masses
occurs in~6! unless it just happens to be inversely propo
tional to the reduced mass. Assuming that is not the case
the potential~8! the total charge density is not equivalent
the direct sum of two single-particle bound states of oppo
charge.

Note that it might be argued that in reality, such corre
tions to the Coulomb potential generally arise from relat
istic effects. In that caseb may be, to lowest approximation
inversely proportional to the reduced mass so thatl becomes
independent ofm. However, this would take us beyond th
scope of this work into considerations of the relativistic tw
body problem.3 The final example we give has no such am
biguities.

Consider the case in which the potential energy include
portion which can be approximated by the simple harmo
oscillator potential. Suppose further that its effects domin
the Coulomb potential in computing the bound state wa
function so that to a good approximation the bound st
wave function is that for the harmonic oscillator potent
alone. ForV5 1

2kr2 that wave function is

fnlm5Rnl~r !Ylm~r !, ~12!

where

Rn~r !5S mk

\2 D 3/4

&r le2r2/2GS l 1
1

2D
3S 1

2 ~N1 l 11!
1
2 ~N2 l !

D L1/2~N2 l !
l 11/2 ~r2! ~13!

and

r5SA2mk

\ D 1/2

r . ~14!

The mass dependence in~13! and ~14! is not of the correct
type that lets the mass factors in~3! replace the reduced mas
with the constituent particle massesm1 andm2 , as occurs in
Eqs.~3!–~6!. Although it is evident that ifk5mv2 with v a
fixed constant then this property displayed by the Coulo
potential alone persists, this will not occur in general in n
ture becausek is determined by the behavior of a realist
potential near equilibrium, which has no such special m
dependence. In general, the appearance of parameters i
740Notes and Discussions
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potentials that are not dimensionless~in natural units! and do
not depend on the reduced mass would also not be of
correct type.

This feature of the two-body bound state charge den
for the Coulomb potential adds to other unique quantum f
tures of this potential such as producing cross sections
agree with the classical result and displaying dynamical s
metries that result in ‘‘accidental’’ degeneracies.
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1For stationary states the two-particle wave functionC(r1 ,r2)
5expiP•R0c(r ) in which R0 is the c.m. position andP is the total momen-
tum of the system. The c.m. portion of the wave function will not contr
ute to the expectation value.

2A. Messiah, Quantum Mechanics~North-Holland, Amsterdam, 1963!,
Vol. II, p. 815.

3H. W. Crater and P. Van Alstine, ‘‘Quantum constraint dynamics for tw
spinless particles under vector interaction,’’ Phys. Rev. D30, 2585–2594
~1984!.
LIMITED BANDWIDTH

Young scientists who have difficulty in finding acceptance for their work are likely to blame
such troubles on their exclusion from ‘‘the establishment.’’ But in fact, the effective establish-
ments for such purposes are very narrow. Even a famous scientist who presents a case before the
wrong audience can be ignored. In 1917, when he was already a noted scientist and retiring as
president of the German Physical Society, Albert Einstein presented a paper pointing to the
difficulty caused by chaos in Sommerfeld—Wilson quantization. That paper remained obscure for
decades. My own PhD thesis was related to this subject, yet I was unaware of Einstein’s work.
Even when I saw a reference to it some years later, I did not bother to examine it. All of us have
limited bandwidth for information intake; there are no simple villains when new concepts are
ignored.

Rolf Landauer, ‘‘Fashions in Science and Technology,’’ Phys. Today50 ~12!, 61–62~1997!.
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